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The spin-up from rest of a viscous, homogeneous fluid 
in a closed right circular cylinder is examined both 
experimentally and numerically. A laser doppler velocimeter 
is used to measure the azimuthal velocity component of the 
transient spin-up flow in the laboratory. A numerical 
integration of the Navier-Stokes equation is used to simu­
late spin-up from rest over wide ranges of cylinder 
dimensions, viscosities and speeds of rotation. The results 
are found to depend upon a dimensionless parameter 
a = h(v/fl)Js[r(a - rf| where h is the height and a is the 
radius of the cylinder, r is the radial distance from the 
axis, v is the fluid kinematic viscosity, and ft is the 
angular speed of the cylinder. When a is small (<0.02) the 
convection model of Wedemeyer is validj when a is not small, 
the effects of diffusion must be included. The parameter 
a is used to determine a more general form of the dimension- 
less time. The range of validity of a theory due to 
Venezian is examined in detail.
1
I . INTRODUCTION
Consider the problem of spin-up from rest of a 
homogeneous fluid of kinematic viscosity v contained in a 
closed right circular cylinder of height h and radius a.
Prior to some initial time t = 0 both the fluid and con­
tainer are at rest. At time t = 0 the cylindrical container 
is impulsively spun about its axis from rest to some constant 
angular velocity fi. A description of the transient fluid 
motion leading to rotation as a rigid body is required in 
terms of the quantities a, h, v, and fi.
By "spin-up" we mean the transient flow by which solid 
body rotation is achieved after an impulsive increase in 
angular speed of the container. Both convective and dif­
fusive processes may be involved In this flow. Sometimes 
the term spin-up has been used to refer only to the convec­
tive process, but we prefer to use it in the more general 
sense stated above.
The spin-up from rest of a homogeneous fluid contained 
in a cylindrical container has been analyzed theoretically 
by Wedemeyer.'1' He considered the flow within the cylinder 
as occurring in two regions: (1) the boundary layers which
are formed near the ends of the cylinder, and (2) the 
interior, i.e., everything outside the boundary layers.
Side wall boundary layers were ignored. Neglecting the 
effects of viscosity in the interior and using a
2
momentum-integral approach for the flow at the ends, Wedemeyer
obtained a single partial differential equation for the
azimuthal velocity in the interior. The solution of this
equation gives an advancing velocity front at which the
radial derivative of the velocity is discontinuous. The
solution accounts for the full nonlinearity of the problem,
2 3even though it involves approximations. Venezian * expanded 
on Wedemeyer*s analysis and included several new features of 
the problem. His calculation of the structure of the velocity 
front predicted in Wedemeyer*s article confirmed that the 
effects of viscosity erase the discontinuity.
Goller and Ranov approached the spin-up from rest 
problem numerically. They calculated azimuthal velocities 
in the interior of an open-topped cylinder using a finite 
difference form of the Navier-Stokes equation which included 
the effects of both the deformation of the surface and radial 
outflow at the base. The deformation of the surface was 
also measured experimentally during various stages of the 
spin-up, and good agreement between calculations and exper­
iment was obtained. It was concluded that the deformation of 
the surface tends to slow down the spin-up.
An experimental investigation of the spin-up from rest 
was reported by McLeod^ in 1922. By timing the motion of 
lycopodium powder on the surface of an open rotating cylinder, 
McLeod was able to measure azimuthal velocities as a function 
of radial position and time. A wide range of experimental
3
conditions was used, and the infinite cylinder diffusion 
theory was presented for comparison with the measurements. 
Agreement was good only for the largest aspect ratio (h/a) 
cylinders rotating at the slowest speeds.
We report in this paper both experimental and numerical 
investigations of the spin-up from rest of a homogeneous 
fluid in a circular cylinder. Azimuthal velocities were 
measured with a laser doppler-velocimeter (LDV) operating in 
the reference beam mode. The numerical integration scheme 
of Goller and Ranov (without surface deformation) has been 
used to calculate the azimuthal velocity as a function of 
position and time over the following ranges of parameters:
_ 7aspect ratio, 0.5 < h/a < 100; Ekman number 1 x 10
2 — o p 2< v/(fih ) < 4 x 10 ; and Reynolds number, 4 x 10 < a fi/v
< 1 x 10 . The experimental ranges of these parameters were 
1.06 < h/a ^ 9*02; 3.06 x 10-6 < v/Ph2 < 3-42 x 10"3 ; and
q p ii1.88 x 10 < a fi/v < 2.52 x 10 . The results of the measure­
ments and calculations are compared with Wedemeyer's theory 
and Venezian’s expression for the broadening of the velocity 
front. A non-dimensional parameter a{ = h(v/n)'1[r(a-r)] “1 , 
where r is the radial position} has been found which ex­
presses the relative importance of convection and diffusion 
in spin-up from rest. When a is small, convection dominates 
and the Wedemeyer theory applies; at larger values of a, the 
effects of diffusion must be included.
II. THEORY'
A. The Wedemeyer Solution
In an inertial cylindrical coordinate system (r,e,z) 
with origin at the center of the cylinder, the Navier-Stokes 
equations for velocity components (u,v,w) are
where rotational symmetry has been assumed. It is convenient 
to consider the flow within the cylinder as occurring in (1) 
the boundary layers, and (2) the interior, where the radial 
and axial velocities u and w will be much smaller than the 
azimuthal velocity v. In the interior, therefore, Eqs.







V 2 _ 1 3P 
r " p 3r8 (la)
(2a)
(3a)
Prom (3a) we see that the pressure is nearly independent
5
of z. Then* from (la), v must be Independent of z also, and 
from (2a), so must u. The resulting form of (2a) is
29v j. .Vx /3 v , 8 /Vu  /,.%
Ft r^ V 3r ? W
Equation (4) was obtained by Wedemeyer. By considering that
the boundary layer flow is essentially steady, Wedemeyer
£
obtained a relation between u and v of the form
u = -E3s(rn - v) ' (5)
2where E is the Ekman number, v/fih . Then Eq. (4) for v 
becomes
ff - eV q - v)(|J + i) - + (6)
Introducing the dimensionless variables V = v/aft, R = r/a, 





2 ^When the quantity (h/a) E 2 is sufficiently small, the right 
hand side of (7) may be neglected. The resulting equation 
was solved by Wedemeyer; the solution is
V = (Re2T - R"1 )/(e2T - 1), R > e“T
V = 0 , R < e“T .
Equation (8) predicts the existence of a velocity front which
originates at the container wall (R=l) and moves inward with
—Ttime, separating rotating fluid behind the front (R>e )
6
— Tfrom quiescent fluid ahead of the front (R<e ). Wedemeyer 
predicted that the effect of viscosity should broaden this
front so that the velocity derivative would change
-T -Tcontinuously from R>e to R<e
The physical interpretation of the convection process is
quite simple. The viscous boundary layers (Ekman layers)
formed on the ends of the container are established in a time
2/fi, and are essentially steady thereafter. Fluid in these
layers is transported radially outward by the centrifugal
force and is given angular momentum in the process. This
fluid which has acquired angular momentum is forced into the
interior behind the velocity front by the container walls.
By conservation of mass, fluid must be drawn axially into the
boundary layers, and in the case of spin-up from rest, all
of the fluid in the container must be circulated in this way
for the spin-up to be completed. The convective process is
-3« -1accomplished in a time of order E . Boundary layers at 
the side walls of the container are assumed to play a passive 
role.
B. Broadening of the Velocity Front
From physical considerations one may argue that the
velocities and derivatives of the flow ahead of the front
should join to the velocities and derivatives of the flow
■2behind the front in a continuous manner. VenezianJ has 
calculated the structure of the front using the complete
7
Eq. (6). The solution is given in terms of the complementary
2 2T pmerror function erfc(x) and the variables 5 = R e , n = e -1:
4hE^e~^ /2bv = — ------- —  (9)
r (2irn) erfc(s//2rT)
PhE^where ? is defined by e; = (1 + — — s) and r is the radialOL
coordinate. The position of the velocity front in terms of
these variables is £ = 1. The front is a layer of width
h. Jcproportional to E , and is similar in nature to the E^ and
l/o 7 ifE layers investigated by Stewartson. Basically the E^
layer provides a continuous change in azimuthal velocity and
1/qderivatives in the region of the front, and the E J layer, 
which presumably remains attached to the container wall, 
provides a continuous change of the axial velocities and 
derivatives at the wall.
C. The Numerical Solution
4Goller and Ranov developed a numerical integration of 
Eq. (4) to calculate azimuthal velocities and surface pro­
files for their experiment. By considering the flow in a 
closed cylinder to be symmetric about the cylinder’s mid­
plane, and by omitting the terms for surface deformation, we 
have adapted their method to the problem considered in this 
paper. In this method the radial velocity u is related to 
the azimuthal velocity v through a 7th order polynomial fit
O





-i'where U = uh(vft) 2/r and W = v/rC2.
D. The Diffusion Solution
If the aspect ratio h/a is very large or if the fluid 
is very viscous, one would expect diffusion of momentum from 
the side wall to play a larger role in spin-up. It is well 
known^ that the nondimensional time appropriate to the
t 2
diffusion of momentum over a distance L is With
2this time scale and with the dimensionless variables T^ = ta /v, 
U = u/aflE32, V = v/afl, R = r/a, Eq. (4) becomes
8.V , / a \ 2-c,—?gTT t 3 V i V ^ _ / 3 V j+ E U(3R + ' (7^2 + Sr 'r ” ' (10)
When the coefficient of the second term on the left hand side 
of (10) is small, the diffusion equation results. The 
solution is well-known:
J1 (  ̂ ) 2 v t
V  - R  +  2!: X j  (X ) e x P ( - X n  4 >  < 1:L>n o n  a
where (JQ ) is the Bessel function of the first kind of 
order one(zero) and ^  satisfies = > °* ^
should be pointed out that the choice of variables used to 
make the radial velocity dimensionless implies that the Ekman
j,layer thickness (v/ft)2 is small compared to the fluid depth h.
9
III. EXPERIMENT
The experimental arrangement is shown in Figs. 1 and 2. 
The azimuthal velocity in the interior of the cylinder has 
been measured experimentally using a laser doppler veloci­
meter (LDV) operating in the reference beam mode.1 1̂ A low 
power (''■/1.5mw) He-Ne laser was aimed at an uncoated optical 
flat which served as beam splitter.11 The transmitted and 
internally reflected portions of the beam were of suitable 
intensities for use as scattering and reference radiation, 
respectively. A 175mm focal length lens focused both beams 
at their point of intersection in the test section.
The cylinders used were machined from Plexiglas tubing 
to be round and concentric to less than .05mm, and then were 
hand polished using successively finer grades of lens 
grinding abrasives. The base of the cylinder in use was 
screw mounted to a turntable which was enclosed in a Plexi­
glas box. The turntable shaft was made from 1.27 cm diameter 
centerless ground stainless steel rod. The shaft was 
supported by a bearing below the Plexiglas box, and sealed 
by an 0-ring as it passed through the bottom of the box. By 
filling the space between the box and the cylinder with a 
fluid medium (Dow Corning 710 Silicone Fluid) of refractive 
index very nearly the same as that of Plexiglas, distortions 
were virtually eliminated, and the only optical density 














































as it encountered the column of test fluid inside the
cylinder. A flat glass plate was used as an entrance
window in one face of the box to avoid misalignment of the
beams by local prismatic refraction.
The cylinders were rotated with a belt pulley system
driven by a Graham BD4MW60 transmission. The pulleys
employed provided a range of angular speed from 0.52 to
4.15 rad/sec. Pour different diameter cylinders were used:
14.72 cm, 13.92 cm, 9.03 cm, and 8.86 cm. The first two
were of heights equal to the diameter. The two smaller
diameter cylinders were used with pistons which were
machined to the inner diameters of the cylinders so that
the effect of changing .the height of the column of fluid on
the spin-up could be noted. Heights ranging from 39*90 to
4.52 cm were obtained with these two cylinders. The fluids
used were distilled water and solutions of sucrose in water.
Viscosities of the sucrose solutions were measured using
Cannon-Penske viscometers immersed in a constant temperature
bath. The viscosity of water was determined as a function
12of temperature from tables. A range of viscosities from
p.0088 to .034 cm /sec was obtained with these working fluids.
11
The mixed signal and reference radiation passed through 
an aperture and laser line filter to an RCA 4463 (S-20 
response) photomultiplier. An active band pass filter1  ̂
of half power points 0.8 and 50 kHz fed the signal to an 
amplifier, after which it was clipped to +0.3v amplitude by 
a diode shunt limiter, and then analyzed by a Hewlett Pac­
kard 5210A frequency meter and 5362B timer counter. The 
analog voltage from the frequency meter was recorded by a 
Moseley 7101B strip chart recorder and the digital readings 
were recorded by hand on the chart opposite event markers 
provided by the timer-counter. A remote switch allowed the 
motor driving the transmission and turntable to be started 
as the recorder pen crossed one of the major divisions of 
the chart. The strip chart rate was used as the timer for 
the experiments. This rate was found to be accurate to 
within a few seconds over a period of an hour. Curves 
similar to the one shown in Pig. 3 were obtained. Both 
noise and the event markers have been omitted for clarity.
The observed frequency shift fD is given by
fD - - V ' 7 <12>
where v is the flow velocity and kg and k^ are the wave- 
vectors of the scattered and incident beams, respectively. 
The measured component of v is known to be in the azimuthal 
direction. It can be shown that (see Fig. 4)
T T T





fD = [ l ^ in9] V (13>
where n is the index of refraction of the test medium, Xo
is the wavelength of the laser light in air, and 20 is the 
angle of intersection.of the two beams.
The radial position r at which the beams intersected 
was determined as follows: An engraved disc dial was
attached to the turntable shaft outside the Plexiglas box, 
and angular readings were made using a vernier which was 
fixed relative to the dial. A thin glass fiber was taped 
to the cylinder wall inside the cylinder. The turntable was 
rotated by hand until the fiber marked the position of the 
center of one of the beams. The reading of the dial-vernier 
was then recorded, and the procedure was repeated for each 
of the three other beams. Differences in angular position 
readings yielded the angles ^  and <f>2 defined in Pig. 4 .
The radial position r of the test point was determined by 
application of the law of sines to triangles ABC and BCD of
Pig. 4 . An expression for r is
<t>n — o 
sin( p •)
r = |   t— nr-i—  ---- 1---- 1—  • (14)
d 9., +  9 p 4H  “  r p
sin( jj ) cos( jj )
The least count of the dial-vernier was six minutes of arc, 
and the corresponding accuracy in radial position was 5%• 
The doppler frequency shift was calculated using Eq. 





The frequency calculated for solid body rotation in this 
manner usually agreed with that measured to within 5 % . A 
further discussion of errors is contained in Appendix II.
14
IV. ANALYSIS AND RESULTS
A. Dimensionless Time
Two approximate solutions to the problem of spin up 
from rest were presented in Section II. In the first 
solution (Eq. (8)), due to Wedemeyer, the mechanism for 
spin-up is the convective circulation established by the 
Ekman layers at the ends of the container. One expects this 
solution to be valid when the coefficient of the
El
right hand side of Eq. (7) is small. The time scale for the 
convective process is h(vfi) 2. In the second solution 
(Eq. (11)), the mechanism for spin-up is viscous diffusion 
from the side walls of the container. One expects this
g2 q J,
solution to be valid when the coefficient -pp(“ ) 2 of the 
second term of the left hand side of Eq. (10) is small. The
ptime scale for the diffusive process is a /v. The parameter 
is recognized as the ratio of the convective time
a
scale to the diffusive time scale. The two solutions are
shown in Fig. 5, in which the dimensionless angular velocity
W = v/rft is presented as a function of the dimensionless
radial position R = r/a. The solid lines obtained from
Eq. (8) are velocities at constant values of the dimension-
-1less time T = t(vfi) 2h . The dashed lines obtained from 0
Eq. (11) are velocities at constant values of the dimen-







profiles, the form of the dimensionless time is independent
of both radial position and the value of W.
We have investigated the dimensionless time both
experimentally and numerically. The results are: (1) the
dimensionless time must be expressed in a more general form,
of which Tq and T^ are special cases; (2) the expression for
the dimensionless time depends not only on the value of the
parameter but also on the radial position R; and
a
(3) the expression for the dimensionless time depends on 
the value of W.
A general form of the dimensionless time T which 
includes both T and T, is:
The powers k, £, m, and n which are appropriate to the spin 





Process k a m n
Convection 1 0 0.5 0.5
Diffusion 0 2 1 0
If T is to be dimensionless, then k, A, m, and n must 
satisfy the dimensional constraints
16
m + n = 1
k + I = 2m
(16a)
(16b)
The investigation of the dimensionless time T was 
undertaken in the following manner. A given parameter was 
chosen from the set {a,h,v,fi}. For purposes of illustration 
let this parameter be ft. The value of ft was chosen to be ft̂  
in the first set of calculations (experiments) and t^ was 
found to be the time required for the dimensionless angular 
velocity W to become a certain value (e.g.9 0 .5) at a fixed 
R. The value of ft was changed to ft2 in the second set of 
calculations (experiments) and t2 was found to be the time 
required for W to become the specified value at the same R, 
with other conditions unchanged. The power law which des­
cribes the effect of ft on the rate at which spin up proceeds 
is
Changes in a, h a v, and ft were done numerically. Changes in 
ft and h were done experimentally.
The powers k, m, and n were found to be functions of 






a =(h/a)2EV[R(l-H)] = [(v/cÔ h/â ] /[R(l-R)] (18)
and the dimensionless angular velocity W. Each power was 
determined by the method of Eqs. (17) as a function of the 
midpoint of the interval to a.2 . In the example of the 
previous paragraph, a1 = a1 (n1 ,a,h,v,R) and a2 = 
a2(n2,a,h,v,R).
The initial efforts to determine the powers k, Jl, m, 
and n were directed to the set of numerical data for which 
W = 0.5* It was found that when the powers were plotted as 
functions of the dimensionless parameter a, each plot was a 
smooth, monotonic curve. The limiting values of the powers 
for a -»■ 0 (convection) and a >> 1 (diffusion) were found to 
be the powers given in Table I. The dimensional constraints 
(16a) and (16b) were verified from (and not imposed on) 
these plots.
It was found from the plots of the powers as functions
of a that a third relation holds:
k + 2m = 2 . (16c)
This relation proved to be valid over the entire range of a
investigated. The relations (16a), (16b), and (16c) may be 
used to determine one power in terms of any one of the other 
three. The power k proved to be a convenient choice:
k = 2n = 1 - (1/2)= 2 - 2m. (19)
18
If the relations of Eq. (19) are employed, then the 
quantities k, 2n, 1 - (Jl/2) and 2 - 2m may be plotted as 
functions of a to determine a single curve. This is shown 
in Pig. 6 . All of the points in Pig. 6 were obtained 
from the numerical solution of Eq. (4). The different 
symbols refer to the different quantities in Eq. (19). The 
scatter in these points is due to the finite difference 
method used to determine the powers. The fact that the 
powers k, I 3 m, and n, determined independently, result in 
a single curve when plotted as in Fig. 6 , gives us confi­
dence that a is the correct parameter for determining the 
form of the dimensionless time.
Dimensionless times for levels of rotation other than 
W = 0.5 were also investigated and the results are shown in 
Pig. 6 * Again, the same relations between the powers 
(Eq. (19)) were found to hold, and the same limiting values 
(Table I) were obtained for extremes of a. However, for 
intermediate values of a (0.05 < a < 5), the curves were 
found to depend upon the value of W. As W decreases, the 
form of the dimensionless time becomes more "diffusion-like". 
This is not surprising, since the velocity front occurs at 
small values of W, and diffusion is expected to play a 
larger role in spin up near the velocity front.
The numerical curve for W = 0.5 is compared with 











































from the present work and also from the curves given by 
McLeod. The errors in the experimental points are large due 
to the fact that the finite difference method of obtaining 
the powers magnifies errors in the experimental quantities. 
The points from the present work tend to be lower than the 
numerical curve and the points from McLeod’s work tend to be 
higher than the numerical curve. However, both experiments 
confirm the general conclusion of the numerical studies, 
namely that the form of the dimensionless time changes 
smoothly from "convection-like" for a << 1 to "diffusion­
like" for a > 1 .
B. Comparison of Numerical and Experimental Times with 
Times Predicted by the Wedemeyer Theory •
The'-numerical times t^ and the experimental times tE 
for the velocity at a fixed position to reach a given frac­
tion of sold-body rotation were compared with the 
corresponding times tWgd predicted by the Wedemeyer theory. 
The times t^ed were obtained by solving Eq. (8 ). For 
example, if W = 0.5» then
twea = i h  1)- (20)
It was found that for a given value of W the time t^gd 
obtained in this manner was always larger than both the 
experimentally observed time tE and the numerically obtained
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time tjj. The ratios and. t ^ e d ^ N  were found to
depend on the value of W and on the value of the dimension­
less parameter a. These results are shown in Fig. 8 . It 
is apparent that in the limit a -*■ 0, the Wedemeyer expres­
sion (Eq. (8)) accurately predicts the times for different 
values of the dimensionless angular velocity W to occur.
The times t^ ^ predicted by Eq. (8) for values of W > 0.5 
are accurate to within 20$ for a s 0.03. The times tWed 
predicted by Eq. (8) for W = 0.3 are accurate to within 
20$ for a S 0.01.
Inspection of both the expression for a
a = (|)2E^/[R(1 - RJ] (21)
and Fig. 8 reveals immediately that either large values of 
the aspect ratio h/a or extreme values of the radial posi­
tion R are sufficient to cause a significant departure from 
the Wedemeyer theory, especially for small values of W. For 
example, a value of the aspect ratio h/a = 5 in a situation 
in which the Ekman number. E ^  10”^ yields a minimum value 
of a (the value of a for which R = 0.5) amin = 0.10, and 
one would not expect times predicted by Eq. (8 ) to be 
accurate in this case. Further examples of the effect of 
aspect ratio on a and the consequences for spin up will be 
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The parameter a is relatively constant with R for 
intermediate values of R. The value of a increases over 
amin a ^actor two •f’or the positions R = 0.86
and R = 0.14, and the value of a increases over amin by a 
factor of three for the radial positions R = 0.91 and 
R = 0.09. The value of therefore, is a good indica­
tion of how well Eq. (8) will predict times for different 
values of W in the region 0.15 s R s 0.85*
The parameter a increases rapidly with R for radial 
positions R < 0.1 and R > 0.9* This is a manifestation of 
the importance of viscosity in the interior flow region in 
the very early and very late stages of the spin up. Recall 
from the previous section that as a > > 1 , the dimensionless
ptime T approaches the diffusion result, T^ = vt/a . In the 
very early stages of spin up, momentum diffuses from the 
container wall (R = 1), and this initial diffusion is pri­
marily responsible for the broadening of the velocity front
-T
whose position is defined by R = e (in the limit a 0). 
In the very late stages of spin up, the convective circula­
tion begins to decay as the velocity front approaches R = 0. 
In the absence pf the convective circulation further spin 
up to rotation as a rigid body must occur through the 
mechanism of viscous diffusion.
The parameter a may also be expressed in terms of the
2Reynolds number Re = a fl/v:
22
a = (|)(Re)"V[H(l - Rj. (22)
For the physical situation defined by h = a = 4 cm., 
v = 0.01 cm /sec, and ft = 1 .0/sec, a value amln = 0.10 is 
obtained. The aspect ratio for this case is 0(1), the Ekman 
number is 0(10“^) and the Reynolds number is 0(10^). Clear­
ly the value of <*min caused by this small a Reynolds number 
indicates that the times predicted by Eq. (8) will be 
inaccurate.
C. Velocity Profiles
1. Comparison of Wedemeyer profiles with numerical 
profiles
Velocity profiles (W(R,T) obtained from both Wedemeyer's
expression (Eq. (8)) and the numerical solution to Eq. (4)
are presented in Figs. 9,. 10, and 11. The minimum value of
the dimensionless parameter a was found to be an indicator
of the difference between the Wedemeyer profiles and the
numerical profiles. For purposes of comparison, in these
three figures time was made dimensionless by means of the
convective result, i.,e. T = T = (vft) h t.c
The velocity profiles in Fig. 9 were calculated for an 
aspect ratio h/a =0 . 5 ,  an Ekman number E = 2 . 5  x 10 and 
a Reynolds number Re = 1.6 x 10^. The minimumvalue of a 
was am;Ln = 0.016. Wedemeyer's expression proved to be a 
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The difference between the Wedemeyer profiles and the 
numerical profiles was found to be small for all values of 
both W and T. The greatest, difference between the two sets
_Tof velocity profiles occurs at the velocity front R = e . 
Wedemeyer’s prediction that the effects of viscosity in the 
interior will ..act to smooth out the velocity gradient dis­
continuity is confirmed by the numerical profiles.
The velocity profiles in Pig. 10 were calculated for
—6an aspect ratio h/a = 5, an Ekman number E = 2.5 x 10” ,
hand a Reynolds number Re = 1.6 x 10 . The minimum value of
a was a . = 0.158. and the increase in a .̂  Was caused bymin 3 min
a ten-fold increase in aspect ratio over the example of the 
previous paragraph. For even this moderate value of am ^n 
the velocity profiles calculated using the Wedemeyer expres­
sion differed greatly from the velocity profiles calculated
numerically for all values of both W and T. One would not
expect calculations based on Eq. (8) to be even approximately 
valid in this case.
The.velocity profiles in Pig. 11 were calculated for
_7an aspect ratio h/a = 25, an Ekman number E = 1 x 10 , and
a Reynolds number Re = 1.6 x 10\  The value of was
“min ~ °*791> and the increase in «min was caused by a five­
fold increase in aspect ratio over the previous example.
For this large a value of the Wedemeyer expression
2 i|
clearly does not apply to the calculation of velocities W 
for any value of either W or T.
2 15The Ekman number is defined as E = v/fih. . Since (v/fl) 
is a measure of the thickness of the boundary layers on the 
ends of the cylinder, the'Ekman number can be thought of as 
the square of the ratio of the boundary layer thickness to 
the height h of the cylinder. It is clear that in order 
for the Wedemeyer model (convection driven by transport in 
the boundary layers) to apply, this ratio must be small; 
otherwise the concept of an endwall boundary layer would be 
meaningless. However, it is apparent from Pigs. 9-11 that 
smallness of the Ekman number is not a sufficient condition 
for the Wedemeyer model to be valid. Rather, the size of 
the aspect ratio h/a is much more crucial for determining 
the validity of the Wedemeyer solution than the size of the 
Ekman number. More precisely, the parameter a (which de­
pends upon the square of the aspect ratio, but only upon 
the square root of the Ekman number) must be small compared 
to 1 in order for the Wedemeyer solution to predict 
accurately the velocity profiles.
2. Experimental profiles 
In the experiment, velocities were measured (as a 
function of time) at a fixed radial position. In order to 
construct velocity profiles from these data, it is necessary
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to decide how to connect velocities at one radial position 
with velocities at another radial position. One could use 
the dimensional time t to make this connection; however, 
there would still be the question of how to compare velocity 
profiles made under different experimental conditions, and 
how to compare the experimental profiles with those deter­
mined numerically (also possibly under different conditions). 
Earlier in this chapter, it was shown that for the numerical 
solutions the appropriate dimensionless time T depends upon 
the parameter a and upon the dimensionless angular velocity 
W. Therefore, it would seem reasonable to use this numer­
ically determined time T to characterize the velocity 
profiles. However, such a procedure becomes quite compli­
cated because of the dependence of T on W (see Pig. 5 ) and 
the dependence of a on the radial position H (see Eq. (18)). 
Since both of these dependences are weak, it was decided to 
use the value of (which is independent of R) to deter­
mine T and to ignore the dependence of T on W by choosing 
W = 0.5. Therefore, the following procedure was used: The
j, pvalue of amln = 4h(v'/ft) 2/a was calculated from the exper­
imental parameters. Then this value of am j_n was used to 
determine the powers k, X,, m, and n from Pig. 5 (with 
W =0.5). These powers were used in Eq. (15) to calculate 
the dimensionless time T for a given dimensional time t.
Each velocity profile is then characterized by a constant
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value of T. Therefore, a complete family of velocity 
profiles is determined by. the value of the parameter am;j_.n »
Measurements were performed on laboratory situations 
which determined small («0.08) and intermediate («J0.22) 
values of The measured velocity profiles were com­
pared with numerically obtained profiles for situations 
with slightly different values of a,.h, v, and ft than in the 
experiments. However, the value of amin was the same for 
both the numerical profiles and the experiment.
The small am;j_n in the laboratory was defined by 
a = 6.96 cm, h = 13.92 cm, v = .0092 cm2/sec and ft = 1 .83/sec. 
The small <*min in the calculations was defined by a = 7*36, 
h = 14.72, v = .0089 cm2/sec and ft = 1.56/sec. The results 
of both measurements and calculations are presented in 
Fig. 12. The curves in Fig. 12 are labeled with dimension­
less times T = T(W = 0.5, am in = 0.082). The experimental
points are seen to be within experimental error of the
numerical curves.
The intermediate amin in the laboratory was defined by 
a = .4.52, h = 13.70, v = .00 88 cm2/sec and ft = .1.34/sec.
The intermediate amln in the calculations was defined by
p
a - .7-36 cm, h - 1,4.72 cm, v = .008,9 cm /sec and ft = 1.56/sec. 
The results of both measurements and calculations are pre­
sented in Fig. 1.3. The curves are labeled with dimension­
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points are again seen to be in good agreement with the 
numerical result.
The results shown in Pigs. 12 and .13 confirm the 
validity of the numerical solution of Eq. (4). It is clear 
that the numerical solution has a much wider range of 
validity than the Wedemeyer solution (compare Pigs. 10 and 
13). However, the difficulty of obtaining the numerical 
solution limits its utility. Therefore, it is useful to 
explore the applicability of the theory of Venezian, which 
is built upon the theory of Wedemeyer but includes in an 
approximate way the effects of viscosity in the interior.
We consider Venezian’s theory in section 4.
3. Axial independence of v in the interior flow region
The z-independence of the azimuthal velocity v in the 
interior flow region was verified by measuring the time 
required for the dimensionless angular velocity W to become 
a given value at a fixed radial position but at different 
axial positions. The measurements were performed at two 
different values of ft at each of four different axial 
positions. The results are shown in Pig. 1.4. The height 
of this container was 1,4.72 cm. The axial independence of 
v in the interior, shown here experimentally, confirms the 
boundary-layer model used in deriving Eq. (4;). Although 
viscosity may strongly influence v near the velocity front, 
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A photograph of the columnar nature of the interior
14flow in spin-up from rest is contained in Greenspan’s book.
4. Comparison of Venezian profiles with numerical 
profiles
In section 2 we showed that the experimental results
were in good agreement with velocity profiles obtained from
the numerical solution of Eq. (4). However, these numerical
profiles are difficult to obtain, so in this section we
explore the validity of a theory due to Venezian which
makes calculation of profiles simpler. Venezian*s theory
is built upon the convection model of Wedemeyer, but includes
the effect of viscosity in smoothing out the velocity front.
Velocity profiles W(R,T) were calculated using Venezian*s
expression (Eq. (9)) for the three examples given in section
1 (Pigs. 9-11)* It was found that the difference between
the numerical profiles and the Venezian profiles depends
2upon both the value of the parameter ctmin = 4h(v/fi) 2/a and
the value of the convective dimensionless time T = T =c
t (vfi)'Vh.
The Venezian profiles for the smallest value of am ^n 
are shown in Pig. 9* The figure shows that if the time T is 
not too large, the Venezian profiles are very nearly identi­
cal with the numerical profiles. However, at large values 
of T, the Venezian profile exhibits a minimum and begins to
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diverge as R -* 0. The Venezian prof11' s for intermediate 
and large values of «m ^n are shown in Figs. 10 and 11, 
respectively, for comparison with the corresponding numer­
ical profiles. One can see from the last two figures that 
as increases, the Venezian expression becomes an
increasingly poorer representation of the velocity profile. 
Figures 9-11 show a need for a quantitative statement of 
the limits of applicability of Eq. (9)* The remainder of 
this section will be directed to this goal. Three cases
will be considered: a) the condition for Eq. (9) to be
— Tvalid behind the Wedemeyer velocity front (R > e ); b) the 
condition for Eq. (9) to be valid ahead of the velocity 
front (R < e~ ); and c) the conditions for Eq. (9) to be 
valid both ahead and behind the front.
a) Condition for Eq. (9) to be valid behind the Wedemeyer 
front (R > e"^) .
Venezian has shown that as the stretched coordinate
p 2T ____C = (R e - l)//amin becomes large, the expression for the
dimensionless velocity, Eq. (9), approaches the Wedemeyer
solution, Eq. (8). This can be demonstrated by introducing
the variable 3 = c//2ri’, where n = e2T - 1. For large 3, the
complementary error function erfc3 can be approximated, by
-a2 -erfc3 = e /3Ar 3 >> 1. (23)
With this approximation, Eq. (9) can be written
30
- V/R = ^  ^  = R2e!! ~ 1 (2H)
r(2un)Ven n „ „ \ h  Rn
which is identical to the Wedemeyer solution. We can 
inquire how large 3 must be for the approximation to suffice 
by looking at the second term in the asymptotic expression 
for erfc3:
2
erfc3 = (e~3 /3/*) [l - (1/232) + ...!] (25)
The approximation will be valid within \ % if
1/232 < 0.01 (26a)
or
“min < °-01(e2T - 1) = O.Oln. (26b)
The quantities in Eq. (26b) for the Venezian profiles in 
Figs. 9 - H  are presented in Table II. Only the entries on
Table II
T amln 0.01(e2ir-l) 0.1(e2,r-l)
0.311 0.016 0.0086 0.086
0.835 0.016 0.0431 0.431
1.557 0.016 0.2151 2.151
0.207 0.158 0.0051 0.051
0.458 0.158 0.0150 0.150
0.086 0.791 0.0019 0.019
the second and third lines of this table (i.e. for T = 0.835 
and T = 1.557) meet the 1 % criterion expressed in Eq. (26b). 
In both of these cases the Venezian theory (as shown in 
Fig. 9) does appear to giv ' '• r-ood representation of the 
velocity profile for l\ . .
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One may note that the conclusion drawn from Eq. (26b) 
for the case of T = 0.311 in Pig. 9 seems to contradict the 
conclusion drawn from inspection of the Venezian profile for 
this case. It was verified that as R .-*■ 1, the Venezian pro­
file for T (amin = 0.016) = 0.311 does not approach Eq. (24) 
to within 1 %. However, the Venezian profile as shown in 
Fig. 9 in this case does constitute a very good approxima­
tion to the numerical profile. The difficulty is resolved 
when one realizes that for small values of T, the Venezian 
expression is a rapidly changing function of radial position, 
and the requirement that Eq. (25) holds to within 1 % as 
R + 1 is actually too restrictive. A much more reasonable 
requirement for small values of T would be that Eq. (25) 
holds to within 10# as R + 1. In this case the inequality 
which must be satisfied is
“min < O . K e 2T - 1) . (26c)
prnValues of 0.1(e - 1) are also shown in Table .II. Notice
that for any given value of the inequality (26b) will
eventually be satisfied as the time increases. Therefore, 
near the sidewall (R near 1), the Venezian expression will 
become an increasingly better representation of the velocity 
profile as T increases.
32
b) Condition for Eq. (9) to be valid ahead of the Wedemeyer
front (R < e_T).
Criteria were established for the validity of Eq. (9)
-Tfor R < e in the following manner. It was observed that
the Venezian profiles Wyen(R,T) often showed a minimum at
some value of dimensionless radial position This is
obecause W is proportional to 1/R ; Venezian demonstrated 
only that the momentum density RV ■+• 0 as R -> 0. The value 






for It was found that near the minimum of Wyen» erfcB
was only weakly dependent on R, so the approximation
erfcBz-' constant (=2) was used to simplify the calculations. 
A quadratic in Rm j_n resulted from Eq. (27):
R4 UT p2 2T , _ nR . e  - R  . e  + a . r i  = 0 (2o;min min min
2T 2where n = e - 1. The values of R . are found frommin
Eq. (28) to be
Rmin - K 2T[X - (1 - • (29>
This limited the values of T to those values for which
M“minn s 1 ‘ (3o)
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For values of T for which Eq. (30) is not satisfied, the
values of Rm^n obtained from Eq. (29) are complex.
When :4a . n ^  1, the minimum value of W is about 0.26; min ’
this is much too large. Therefore, we restrict our atten­
tion to values of am^n and T for which << 1. Then
(1 - 1 - 2aminn * C3l)
pEquation (29) with this substitution determines Rmin to be
W * ‘ 2T- (32)
p
This value of Rmin may be used to calculate wy en^Rmin^:
(33)wVen
If one requires that wyen(Rmin^ < 0.01, then the expression 
which results is
;-<2
T  V tt _ 2To.oi < i t/I 2 ® ------ 1 . (34)
This is equivalent to
i i I—■ 2T „2
0 '04 „ i „ ' ) 11V I  a “ 5TJl ” e • (3S)e
Using :4 tj- 5 and recalling the original assumption, 
namely that ^aminn << 1, we have that
2T 2
?  ^  (? “minn)3S > 20e2 ? " 7 ~ e~ 3 * ( 3 6 )
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Prom the first and last terms of Eq. (36) we obtain the 
inequality
From Table IIIand Eq. (37), we see that for VW IW <0-0:L’ 
then | B | is bounded below for a value of T by the entry in 
the second column of Table I'll. Consider the case for 
T > 0.1. Then from Table HI, 13 1 > 2.5* Prom the 





presented in Table III.




















-Tand from the. fact that B < 0 for R < e , we have that
-2B(|aminn)Js < 1 - R 2e2T < 1. (39)





Equation (40b) provides an upper limit for values of T (at 
constant ctmln) for which Wyen(Rmj_n ) < 0*01* The quantities 
in Eq. (40b) for the Venezian profiles in Pigs. 9-11 are 
summarized in Table IV. The criterion (40b) is met only by
Table IV
the entries on the first two lines of Table IV (i.e., for
T = 0.311 and T = 0.835) and it can be seen from Fig. 9 that
in these two cases, the Venezian expression is a good
representation of the velocity profile.
Notice that for any given value of inequality
(40b) will be satisfied only if the time T is sufficiently
— Tsmall. Therefore, ahead of the front (R > e ) the 
Venezian expression will become a progressively worse 




















c) Conditions for Eq. (9) to be valid both ahead and behind 
the front.
Equations (2(5b) and (4Ob) may be used to obtain a range 
of values of T for which both WVen<Rraln> < °-01 and 
WVen^R 1) ” 1,0 < 0,°1, The expression is
100 ot < e2T - 1 < (41)min ct •m m
This expression is much more, restrictive than either (2'6b) 
or (^Ob) alone. Note that when
“min2 '-0 °-0008 (42a)
or
“min ^  °*028 (42b)
there exists one and only one time T 0.67) for which both 
restrictions on Wygn are satisfied simultaneously. As amln 
gets smaller, the range of times satisfying (41) becomes 
wider. Values of the maximum and minimum times satisfying 
(41) for various values of amin are given in Table V. 
Examples other than those considered in Figs. 9-11 are 
presented in this table. It is apparent that am ^n must be 
extremely small for Venezian’s expression to be uniformly 












For values of T and a for which Eq. (4l) Is 
satisfied, the Venezian expression proves to be the simplest 
and most accurate way to calculate velocity profiles W(R,T) 
without actually performing a numerical integration of 
Eq. (4). In terms of the expressions for Wyen(R,T)
and 3 are
V -B22 (a , ) z e 0
w = ____    (4b)Yen
[2u(e2T - lj| ^R2erfc(3)
where erfc is the complementary error function and 3 is 
given by
e . (R2e2T - 1)— _ . ( W
D ' - WlnC21 - *3 ^
D. Summary
The parameter a, defined in Eq. (18), was found to 
play an important role in spin-up from rest. This parameter 
determines the proper form of the dimensionless time (as
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shown in Pig. 6 and Eq. (15)), and determines the 
applicability of the Wedemeyer theory (as shown in Pigs. 9, 
10, and 11). Its minimum value, «mln, determines the 
validity of the Venezian theory (as shown in Eqs. (26b), 
(40b), and (41)). Since the factor h(v/0)^/a2 in a may be 
interpreted as the ratio of the convective time scale to the 
diffusive time scale, one would expect that this ratio would 
qualitatively predict the relative importance of convection 
and diffusion. The purely empirical modification of this 
factor, namely multiplication by [H(l - R)] - 1 , yields the 
parameter a which allows quantitative predictions. However, 
this adds the complication that the parameter depends upon 
radial position in addition to container geometry, rotation 
rate and fluid viscosity.
The experimental results, as shown in Pigs. 12 and 13, 
were found to be in good agreement with the numerical solu­
tion of Eq. (4) when the proper dimensionless time is used. 
This result confirms the boundary layer model upon which 
Eq. (4) is based. The approximate solution of Eq. (4) due 
to Wedemeyer, was found to agree with the numerical solution 
within 3 0 %  for a < 0.02 except near'the velocity front 
(W < 0.3). The theory of Venezian is a valuable extension 
of the Wedemeyer result, particularly near the velocity 
front. However, the Venezian theory is also limited by the
39
pipvalue of “min* Ahead of the front, amin(® - 1) must be
less than 0.08 for the Venezian expression to have a
minimum less than 0.01 (T is the time in units of h(vn)_5s).
2TBehind the front, e - 1 must exceed 100 am^n for the 






Spin-up times t(sec) were measured directly from the
v(r,t) curves drawn by the strip chart recorder. A
representative uncertainty for the times is ±1.5 sec. The
other quantities are known to be accurate to the following:
height h and radius a, ±0.005 cm; rotation rate £2, ±0.05
sec-'*'. The viscosity of water was determined as a function
of temperature from tables. The viscosity of the sucrose
solutions was measured as a function of temperature using
Cannon-Penske viscometers immersed in a constant temperature
bath. The temperature of the test environment was usually
constant to within ±0.2°C, giving a maximum uncertainty in
2 -1viscosity of ±0.005 cm sec for the sucrose solution, and
2 -10.0002 cm sec for water.
The uncertainty in the radial position r of the test 
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a = 4.43 cm
h(cm) ( ) v lsecJ nTse'c"^) R a W=0.3 W=0.5 W=0.7 W=0.9
11.69 .0094 1.24 .772 .2946 23.5 45.5 100.0
11.69 .0094 1.92 .772 .2366 - 21.0 37.7 78.8
17.90 .0094 1.92 .772 .3624 — 24.4 46.8 103.3
17.90 .0094 1.24 .772 .4510 — 31.4 61.0 140.0
28.66 .0094 1.24 .772 .7200 — 34.8 70.5 166.0
28.66 .0094 1.92 .772 .5800 — 32.5 64.3 140.5
39.90 .0094 1.92 .772 .8200 — 35.4 73.8 161.7
39.90 .0094 1.74 .772 .8500 - 31.1 65.3 150.0
39.90 .0094 1.24 • 772 1.0080 - 36.2 78.0 170.0
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B. Numerical Data and Computer Program
The spin-up times presented in this section were 
calculated using the computer program at the end of the 
section.
0 cm; v = 0.01 cm^ sec"”'*'; fl = 10.0 sec""^
h/2(cm) R a t(W=0 .5)(sec)
1.0 .955 .0920 0.3994
1.0 .905 .0460 0.9261
1.0 .855 .0319 1.4488
1.0 .805 .0252 1.9675
1.0 .755 .0214 2.4865
1.0 .705 .0190 3.0108
1.0 .655 .0175 3.5458
2.0 .955 .1840 0.6996
2.0 .905 .0920 1.7031
2.0 .855 .0638 2.7144
2.0 .805 .0504 3.7212
4.0 • 955 .3679 1.1270
4.0 .905 .1839 2.9435
4.0 .805 .1007 6.7220
4.0 .705 .0760 10.5106
4.0 .605 .0662 14.3476
4.0 .505 .0633 18.2909
4.0 .405 .0656 22.3722
4.0 .205 .0970 30.4340
4.0 .105 .1682 33.3100
7.0 .955 .6439 1.5340
10.0 • 905 .4598 5.2807
10.0 .805 .2518 13.1126
10.0 .705 .1901 21.0851
10.0 .505 .1581 36.6835
10.0 .405 .1640 44.0643
40.0 .905 1.8391 8.9174
4o.o .805 1.0073 25.4700
50.0 .905 2.2988 9.3574
50.0 .805 1.2592 27.2151
50.0 .705 .9504 46.6023
50.0 .605 .8270 64.4252
100.0 .905 4.5977 10.3902
100.0 .805 2.5181 31.5862
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= 50.0 cm; a = 4.0 cm; = 10.0 sec"'1
, 2 -Inv(cm sec ) R a t(W=0.5)(sec)
.04 .905 4.5977 2.5825
.04 .805 2.5181 7.7885
.04 .705 1.9006 13.5129
.10 .905 7.2696 1.0753
.10 .805 3.9815 3.2986
.10 .705 3.0052 5.7637
.40 .905 14.5391 0.2788
.40 .805 7.9631 0.8697
.40 • 705 6.0103 1.5309
.10 .505 2.5003 10.1904
.10 .405 2.5936 11.8940
.10 .305 2.9485 13.2007
.10 .205 3.8349 14.1153
.10 .105 6.6507 14.6527
.40 .505 5.0005 2.7127
.40 .405 5.1873 3.1628
.40 .305 5.8969 3.5064
.40 .205 7.6699 3.7463
.40 .105 13-3014 3.8870
• 14.45 cm; a = 7.36 cm; v = 0.17 2 -1 cm sec
sHsec-'*') R a t(W=0.5)(sec)
2.77 • 955 3.0755 0.4999
2.77 .905 1.5373 1.6895
2.77 .855 1.0661 3.1503
2.77 .805 .8420 4.7211
5-54 • 905 1.0870 1.5242
5.54 .805 .5954 4.1267
13.85 .905 .6875 1.2763
13.85 .805 • 3765 3.2963
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C SPIN UP TIMES
C A=RADIUS»H=HALF DEPTH.VIS*VISCOSITY .OMEGA*
C ANGULAR SPEED
C SSTAR IS THE RADIUS AT WHICH CONDITIONS ARE MET
C OMLVL IS THE VELOCITY AT WHICH CONDITIONS ARE MET
C FI NCR IS THE INCREMENT IN RADIUS TO THE NEXT
C SET OF DESIRED CONDITIONS
C STOPRA IS THE RADIUS AT WHICH CALCULATIONS CEASE






















DO 10 J=2.JMAX 
10 READ!5.92) 0!1.J)
92 FORMAT!20X.E14«7)






B3=V IS/! A*DELX )
C=DELT/OMEGA 
K = 1
98 O ! 2.NMAX ) = 1®










Y6=Q®55G5C4*0( 1 » J)
Zl=l®— 0®231796*0(1•J )




DEL0=0(l*J+l)— 0(I * J )
DEL02=DEL0-0(1*J)+0(1 *J-1)
0(2* J)=0( 1*J)+Bl*(RU*(BJ*DELC+2®*0(1*J )> + B3* 
/(BJ*DELC2+3®*DEL0>>




ICO IF( 0(2*J )« GE®OMLVLoANDoA8S (RSTAR—SSTAR)•Le «0«003) 























IF(SSTAR-STOPRA ) 12*12 *18 
12 WRITE(6*66)






The radial position of the test point was determined by 
measurements of the angles <J>̂ and  ̂ with the expression:
sin( 1 2 —
r = -  ____________       (1)2 4 + 4 4X " -+2, *
sin - ■) cos (■ d )
Since 4^ + 42 was usually about eight degrees of arc, small 
angle approximations may be used; then
(2)
A 3.The uncertainty — - in the radius of the cylinder is negligible
Cl
compared with the uncertainty in angles. Therefore
Ar
r
' ^ . r * 1 ~ *2i- 
♦l + ^  
r * !  ~  * 2 '
-*■  ̂41 + 4 « —
(3)




)4], ■*" <f> 2
U i + <l)2
“2A4i
4, + 4, (5)
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The least count of the vernler-disc was six minutes of arc, 
and two measurements were required to determine each of 
<J>̂ and <j>2 ; therefore A ^  = A<j>2 = 121. The sum <j>̂ + <t>2 was 
usually about eight degrees of arc. Using the substitutions
Using the method outlined in the description of the 
experiment to calculate fD , one may show that this is the 
principal contribution to the error in velocity; therefore 
Av/v ̂  5$.
If the bisector of the laser beams does not exactly 
pass through the axis of rotation, then the measured velocity 
v* is given by
where u and v are the radial and tangential velocities, 
respectively, and y is a small angle. Let d be the small 
distance the test point is displaced from a diameter parallel 
to the beam bisector. Then
v 1 = u siny + v cosy (7)
(8)
and
v* - v = Av = Up (9)
and
Since d << r and ^  r* OCE"5), this contribution to the error 
in velocity is quite small.
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The error in velocity incurred by a slight deviation of 
the plane of the laser beams from perpendicular to the axis 
of rotation is found to be quite small in a similar manner.
APPENDIX III 
Electronics
The active band pass filter in the following schematic
1̂is a modification of a design by Caplan and Stern.J The 
clipper and photomultiplier-preamplifier schematics are 
standard arrangements. All resistances are in ohms and all 
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